
Robust phased-array radio system aided inertial navigation using factor
graph optimisation

Glen Hjelmerud Mørkbak Sørensen, Torleiv H. Bryne, Kristoffer Gryte, Trym Synnevåg and Tor A. Johansen

Abstract— Global navigation satellite systems (GNSS) is the
gold standard for aiding of inertial navigation systems (INS),
but is highly susceptible to naturally occurring, unintentional,
and intentional interference due to its low signal power. GNSS
is also not suitable for use indoors or in other areas where the
signal is blocked. In recent years, phased-array radio systems
(PARS) have shown to have potential for navigation. After
Bluetooth introduced direction finding in its specification, the
technology has emerged as a low-cost PARS-based alternative.
In this paper, an estimation scheme fusing PARS and inertial
sensor data based on factor graph optimisation (FGO) using
incremental smoothing and mapping with fixed-lag smoothing
is applied and compared against a standard error-state Kalman
filter (ESKF) solution as a benchmark. The results are obtained
from 100 Monte Carlo runs of a simulated USV trajectory,
where performance is compared when aided by both fault-free
and erroneous PARS measurements, with and without robust
estimation schemes. We find that our estimator slightly outper-
forms ESKF in North-East position and roll/pitch estimates,
but struggles more with Down-position and yaw angle, possibly
due to additional cross-covariance available to the ESKF.

Index Terms— GNSS-denied navigation, phased-array radio
systems (PARS), factor graph optimisation, autonomous sys-
tems

I. INTRODUCTION

In autonomous navigation, an inertial navigation system
(INS) is typically aided by position measurements from
global navigation satellite systems (GNSS) to estimate the
navigation state, where INS and GNSS are complementary
[1]. However, depending on the area of application, problems
may arise due to GNSS being prone to naturally occurring
interference from e.g., ionospheric events or intentional
interference such as jamming and spoofing [2]. In these
environments, the state of the art has been an INS aided by
vision-based systems [3]. These systems can provide great
performance, but require sufficiently feature-rich environ-
ments, are computationally intensive, and may experience
issues in degraded visual conditions.

In recent years, phased-array radio systems (PARS) have
emerged as both a complementary navigation system to
GNSS for redundancy purposes [4], [5], as well as an
alternative [6], [7]. PARS measurements, however, also have
their own issues that must be accounted for, with perhaps the
most notable issue being multipath errors due to reflections
off reflective surfaces causing the signal to be received via
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multiple paths by the receiver [8], [9]. Since the introduction
of direction finding in the Bluetooth 5.1 specification [10],
the use of low-cost PARS measurements for aided navigation
has become an increasingly active area of research, with
experimental results demonstrating the ability to perform
unmanned aerial vehicle (UAV) navigation using Bluetooth
Low Energy (BLE) PARS Angle-of-Arrival (AoA) mea-
surements up to 700m away from a base station [11]. In
[4]–[8], [12], some variants of nonlinear observers and an
error-state Kalman filter (ESKF)-based estimator were used.
In recent years, the use of factor graph-based optimisation
(FGO) in inertial navigation applications has become more
widespread, with examples including e.g., visual-inertial
odometry (VIO) in Forster et al. [13]. Furthermore, FGO
facilitates multi-sensor fusion and simultaneous localisation
and mapping (SLAM), with various VIO-based SLAM sys-
tems summarised in Dellaert and Kaess [14]. An example of
FGO applied to LIDAR-aided inertial navigation is presented
in Brossard et al. [15], whilst Siemuri et al. present a
FGO-based positioning algorithm fusing smartphone GNSS
measurements with inertial measurements [16].

A. Main contributions

The main contributions of this paper are as follows:

• We introduce a novel estimation scheme integrating
PARS range, azimuth, and elevation measurements with
measurements from an inertial measurement unit (IMU)
using fixed-lag incremental smoothing and mapping
based on iSAM2. The scheme handles outliers with the
natural test or M-estimators.

• We compare the estimator to a benchmark ESKF esti-
mator through 100 Monte Carlo simulations, testing per-
formance under nominal and faulty PARS conditions,
with and without robust estimation/outlier rejection.

The work is developed with BLE PARS in mind, although the
PARS models used are generic. We provide the source code
and scripts used in our study in an accompanying GitHub
repository [17].

B. Organisation of the paper

The remainder of this paper is organised as follows. Sec. II
covers preliminaries. Sec. III presents the preintegration the-
ory and PARS factors used in the FGO scheme in this work,
whilst the robust estimation schemes used are presented in
Sec. IV. Sec. V presents the simulated experiment setup,
with results presented and discussed in Sec. VI. Finally, the
research will be summarised and concluded in Sec. VII.



II. PRELIMINARIES

A. Notation

The agent position is denoted with the vector of 3D-
coordinates p. The agent velocity, v , is defined similarly,
whilst the unit quaternion q is used to represent attitude. The
accelerometer and gyroscope biases are given by bacc and
bgyro, respectively. The Hamiltonian quaternion convention is
used and the quaternion product is denoted by ⊗ [18]. Ma-
trices, in general, are given in bold face, capital letters, e.g.,
M ∈ Rn of dimension n. Rb

a ∈ SO(3) denotes the rotation
matrix that rotates vectors from coordinate frame {a} to {b},
whilst T b

a ∈ SE(3) denotes the homogeneous transformation
matrix that transforms coordinate vectors between the two
coordinate frames. Estimates of a variable x are denoted by
x̂. The matrix trace is given as tr(M) =

∑n
k=1 mkk. ∥u∥2

denotes the Euclidean norm of the vector u, whilst [u]×
denotes its skew-symmetric matrix. The short-hand ∥u∥2P
will be used to denote u⊤P−1u, where P is a symmetric,
positive definite matrix. Finally, u ∼ N (µ, σ2) denotes
a Gaussian distributed random variable with mean µ and
variance σ2, whilst u ∼ χ2

n denotes a χ2-distributed random
variable with n degrees of freedom.

B. Coordinate frames

In this paper, {n} denotes the North-East-Down (NED)
coordinate frame, {b} denotes the BODY coordinate frame,
and {r} denotes the radio system coordinate frame for a
given BLE radio locator. Hence, with this notation the vector
pn
rb denotes the position of {b} relative to {r}, decomposed

in {n}.

C. Agent kinematics

The agent’s navigation state vector x ≜
[pn

nb vn
nb qn

b bbacc bbgyro]
⊤ ∈ R16 is modelled using

kinematics [13], [18]:
ṗn
nb = vn

nb

v̇n
nb = Rn

b (q
n
b )(f

b
imu − bbacc −wv) + gn

q̇n
b =

1

2
qn
b ⊗ (ωb

imu − bbgyro −wo)

ḃbacc = − 1

τacc
bbacc +wbacc

ḃbgyro = − 1

τgyro
bbgyro +wbgyro

,

(1)

where gn ≜ [0 0 9.81]⊤. The expressions used for the true
acceleration and angular velocity are obtained from solving
for fn

nb and ωb
nb in the measurement equations:

f b
imu = (Rn

b )
⊤(fn

nb − gn) + bbacc +wv

ωb
imu = ωb

nb + bbgyro +wo,
(2)

which is the standard IMU model used in e.g., [13].
The accelerometer and gyroscope biases are modelled as

first-order Gauss Markov processes with their respective time
constants τacc and τgyro [19], whilst the system process noise
w is defined as w ≜ [w⊤

v w⊤
o w⊤

bacc
w⊤

bgyro
]⊤ ∈ R12 where

w ∼ N (0,Q) with power spectral density

Q = diag(qv, qo, qbacc
, qbgyro

)2 ∈ R12×12. (3)

D. PARS measurement model
The PARS measurements received from the locator(s) will

be on the form [20]

zr
PARS =

ρr

Ψr

αr

 =


∥pr

rb∥2
arctan2

(
prrb,y, p

r
rb,x

)
arctan2

(
−prrb,z, ρ̄

)
+ ε

= hPARS(x) + ε,

(4)

where zPARS ∈ R3, and ρ, ρ̄, Ψ, and α are the range, horizon-
tal range, azimuth angle, and elevation angle, respectively.
Moreover, ε ∼ N (0,RPARS), where

RPARS = diag(σ2
ρ, σ2

Ψ, σ2
α) ∈ R3×3, (5)

is the measurement noise covariance. In the ideal case, the
observation z at a given time step will be the stacked vector
of individual observations from each locator, z ∈ R3N ,
where N is the number of locators.

For convenience, it is assumed that the PARS receiver
on the agent is co-located with the IMU, resulting in no
lever arm between them. Furthermore, we assume that the
mounting angle relating {r} and {n} is known and we
assume without loss of generality that Rn

r ≜ I3. In practice,
we would need to estimate this angle through some form of
calibration [21].

E. SE(3) matrix Lie group
The special Euclidean matrix Lie group SE(3) consists

of homogeneous transformation matrices on the form

T a
b = T (Ra

b , pa
ab) =

[
Ra

b pa
ab

01×3 1

]
∈ SE(3), (6)

with its inverse given by

(T a
b )

−1 =

[
(Ra

b )
⊤ −(Ra

b )
⊤pa

ab

01×3 1

]
∈ SE(3), (7)

also in the same group [22].
Uncertainty can be associated to the pose T via

T ≜ T̂ exp (ξ∧) ≜ T̂ Exp(ξ), (8)

where T̂ ∈ SE(3) is the pose estimate and ξ = [ξo ξp]
⊤ ∈

R6 is a local perturbation, where ξo is the rotation/orientation
increment and ξp is the translation/position increment [22],
[23]. The hat operator on SE(3) is defined as

∧: R6 7→ se(3) : ξ 7→
[
[ξo]× ξp
01×3 0

]
. (9)

It maps ξ onto the Lie algebra se(3) corresponding to SE(3)
[14]. The capitalised exponential map, Exp(ξ), is thus
defined as the matrix exponential of the mapped perturbation
ξ∧ ∈ se(3)

Exp(ξ) ≜ exp (ξ∧) = exp

([
[ξo]× ξp
01×3 0

])
≈ I4 + ξ∧ +

1

2!
(ξ∧)2 + . . . ,

(10)

where the expressions are obtained from [22].

III. FACTOR GRAPH-BASED OPTIMISATION

In this paper, the FGO problem will be solved using
iSAM2 with fixed-lag smoothing [24] and be implemented



Fig. 1: Factor graph with two poses x1 and x2 and a
landmark l1. Example modified from introductory example
in [14].

using GTSAM’s combined IMU factor with on-manifold
preintegration [25]–[27] and custom PARS factors. When
FGO operates with fixed-lag smoothing, only factors that
are connected to nodes within a window of time are kept
in the graph for optimisation [14]. The reduction in size
and complexity of the graph makes it suitable for real-time
applications.

A. Factor graphs

Factor graphs are represented using a graphical modelling
language well-suited to perform large-scale Maximum a
Posteriori (MAP) inference. An example of a simple factor
graph is shown in Fig. 1. Here, two robot poses (x1, x2) and
a landmark l1 are the variables of the graph, and there is a
bearing measurement z relating l1 to x2. This graph can be
expressed by the following factored function

ϕ(X) = ϕ1(x1)ϕ2(x2, x1)ϕ3(l1)ϕ4(x2, l1)

= p(x1)p(x2|x1)p(l1)l(x2, l1; z),
(11)

where ϕ1(x1) and ϕ3(l1) represent the prior densities of the
robot pose and landmark, respectively, ϕ2(x2, x1) represents
the conditional probability density of the second pose on
the first, p(x2|x1), whilst ϕ4(x2, l1) represents the likelihood
l(x2, l1; z). For a more formal definition of factor graphs, the
reader is referred to Dellaert and Kaess [14].

B. The motivation behind custom PARS factors

GTSAM provides its own range- and bearing factors that
could be applied in this context [28]. The motivation behind
custom factors is threefold:

1) The provided factors are two-way factors, i.e., locator
position is also estimated. This is known in our case.

2) With three factors, we can more pressingly address
outlier rejection in the event only one of three mea-
surements should be discarded.

3) The provided factors assume {b}-fixed measurements,
we use {r}-fixed.

C. PARS factors

Generically, [14, Ch. 6.2] presents the pose optimisation

T̂ = arg min
T

∥h(T )− z∥2P . (12)

To solve the problem w.r.t. the local perturbation ξ, the
problem is reformulated to

ξ̂ ≈ arg min
ξ

∥h(T̂ ) +Hξ − z∥2P , (13)

where H is the measurement Jacobian w.r.t se(3) and P is
the estimation error covariance.

The measurement Jacobians of (4) on SE(3) are given by

Hρ =
1

∥p̂n
rb∥2

(p̂n
rb)

⊤Hp (14a)

HΨ =
1

p̂2x + p̂2y

[
−p̂y p̂x 0

]
Hp (14b)

Hα =
1

∥p̂∥22

[
pxpz√
p̂2
x+p̂2

y

pypz√
p̂2
x+p̂2

y

−
√

p̂2x + p̂2y

]
Hp,

(14c)

where Hp =
[
03×3 R̂n

b

]
relates the position measured by

the locator to se(3). The derivations are given in Appx. I.

D. On-manifold IMU preintegration

We use the on-manifold IMU preintegration measurement
model derived in [13]

∆R̃ij = R⊤
i Rj Exp(wo)

∆ṽ ij = R⊤
i (vj − vi − g∆tij) +wv

∆p̃ij = R⊤
i (pj − pi − vi∆tij −

1

2
g∆tij

2) +wp,

(15)

where wp ∼ N (0, q2p) denotes the preintegrated measure-
ment noise. Here, the left-hand side represents compound
measurements obtained by integrating the IMU measure-
ments between aiding measurements. Since it is the specific
force vector measured by the accelerometers that is inte-
grated, ∆ṽ ij and ∆p̃ij do not represent true increments,
although ∆R̃ij does.

E. State estimation

The FGO-based estimator maintains separate state- and
covariance estimates of the pose, velocity, and IMU biases,
i.e., x̂ ≜ (T̂ n

b , v̂
n
nb, b̂

b) ∈ SE(3) × R3 × R6, where b̂b ≜
[b̂b,⊤acc b̂b,⊤gyro]⊤. This means that the FGO-based estimator,
unlike the ESKF (Appx. II), does not have access to cross-
covariance between the elements of the pose and the veloc-
ity/biases. The pose and velocity estimates are propagated
in between measurement updates using (15), whilst the bias
estimates are updated whenever an optimisation is performed
on the graph.

IV. ROBUST ESTIMATION

To test estimator performance when the PARS measure-
ments are degraded or affected by sensor faults, two ap-
proaches will be examined: rejecting outliers using the nat-
ural test and de-weighting large outliers using two different
M-estimators. The former will be applied to both estimators,
whilst the latter will only be applied to the FGO-based
estimator.

A. Rejecting outliers using the natural test

The natural test is based on the test statistic

T (zk,j) = ∥νk,j∥2Sk,j
∼ χ2

1,α, j ∈ {1, ..., nz}, (16)

where j and nz are the given measurement and total num-
ber of measurements in the vector zk, respectively [29,
Ch. 7.6.1], α is the confidence level of the test statistic,
and νk ≜ zk − h(x̂k) and Sk ≜ HP̂kH

⊤ + R are the



innovation and innovation covariance of zk, respectively.
A measurement should be rejected if T is greater than a
threshold T (zk,j) > χ2

1,α. In practice, this results in the
measurement j not being considered in the ESKF update,
and not being added as a factor in the factor graph. In this
paper, the ESKF update and natural test are implemented
sequentially. This is enabled by a diagonal R-matrix.

B. De-weighting outliers using M-estimators

M-estimators are a class of estimators proposed by Huber
in [30], designed to satisfy the following criteria: i) be
reasonably efficient at the assumed model, ii) resistant to
change in data, and iii) be robust against significant outliers
[31]. In this paper, we will consider two M-estimators, the
Huber M-estimator

Q(x) =

{
1
2x

2, for |x| < k

k|x| − 1
2k

2, otherwise,
(17)

and the Tukey M-estimator

Q(x) =

{
c2

6

(
1− [1− (x− (x/c)2]3

)
, for |x| ≤ c

c2

6 , otherwise,
(18)

the expressions of which are obtained from [32]. Q(x) is an
objective function of the residual x in the FGO which, in
our application, will be the innovation of each component
of zk. The derivative of Q(x), ∂

∂xQ(x) ≜ Ψ(x), is known
as the influence function of the M-estimator. Compared to
the binary nature of the natural test, M-estimators do not
necessarily ignore all information from outliers. E.g., Huber
will always weigh outliers to some extent, although Tukey
will disregard large outliers completely.

V. SIMULATION SETUP

This section will outline the setup of the simulated test
case the estimation algorithm will be applied on. We compare
our estimation scheme with the ESKF, since this is the
industry standard.

A. Simulated scenario

The simulated test case is based on a modified example
from the Marine Systems Simulator (MSS) toolbox [33].
The test case simulates a USV being disturbed by an ocean
current whilst following a fixed, waypoint-generated path
between two piers, each with a PARS locator mounted at
a height of 12 m. The IMU has an update rate of 100Hz,
whilst aiding measurements are received at a rate of 10Hz.
The USV trajectory, as well as the locators and the Line-of-
Sight (LOS) vector between them are shown in Fig. 2. Here,
we note that the trajectory intersects the LOS between the
locators at two points during a turn. The horizontal (North-
East) and vertical (Down) dilution-of-precision (DOP) [1],
denoted HDOP and VDOP, respectively, computed from the
locators to ground truth are shown in Fig. 3. This is used to
illustrate the impact of the locator geometry. The placement
of the locators (one at each pier) is to ensure the best position
uncertainty cf. Fig. 3 when position accuracy is most critical,
i.e., during docking.

The following operating modes are examined:
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Fig. 3: Position dilution-of-precision (DOP) based on ground
truth given by the localisation sensors (GNSS and PARS).

• Fault-free ESKF and FGO operation without any rejec-
tion or de-weighting of outliers.

• ESKF and FGO operation with unhandled sensor faults
• ESKF and FGO operation with outlier rejection based

on the natural test, FGO will additionally be tested with
the Huber and Tukey M-estimators.

The performance of each case is evaluated through 100
Monte Carlo runs. Here, 100 was chosen because it was
deemed sufficient for providing representative statistics. In all
cases, the estimator is run with GNSS position and compass
measurements for 150 s before switching over to PARS
aiding. This is primarily done to ensure that the estimates
are reasonably stabilised before we compare the different
scenarios, but it also mimics the loss-of-GNSS event which
motivates the work.

B. Modelling PARS sensor faults

In this work, two types of faults will be considered:
abnormal spikes affecting all measurements for a locator and
multipath errors due to sea surface reflections affecting the
elevation angle measurement. Furthermore, it is assumed that
the faults are mutually exclusive for a given iteration k; if
a spike is triggered for a given measurement, multipath will
not be triggered and vice versa.

1) Modelling abnormal spikes: We define the following
zero-mean Gaussian model es ∼ N (0, ks ·RPARS) with ks >
1 chosen as ks = 2 in the simulations to draw samples from
whenever an abnormal spike fault is triggered, and modify
the measurement model (4) as follows

zk = hk(xk) + es,k + εk, (19)

for the affected measurement at iteration k.
2) Modelling elevation angle multipath: We use a second-

order Gauss-Markov process (SOGM) [19] to model the
effect of multipath on the elevation angle measurement of
a PARS locator. Whenever a multipath fault is triggered
for a locator, we first determine how many consecutive
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Fig. 4: Effect from sensor faults in run 88 out of 100.

measurements should be affected by drawing a sample d
from a discrete uniform distribution U(3, 15), before we
draw discrete-time samples bk from the SOGM and modify
the next d elevation angle measurements from the locator as
follows

zk,α = hk,α + bk + εk,α. (20)

3) Resulting sensor fault setup in the simulated experi-
ment: The effect of sensor faults on the PARS measurement
in run 88 of 100 is shown in Fig. 4. Both spike and multipath
error had a 3/100 chance to trigger for a given locator
measurement at a given iteration k. With this setup, each
locator had, on average, around 3% of measurements affected
by spike errors and 24% affected by multipath errors in each
run.

C. Evaluation criteria

To evaluate estimation performance, the mean Euclidean
error norm averaged over the M runs was computed for the
position and attitude. The error norm was compared against

the corresponding 3σ-bound U = 3
√
tr(P̂), obtained from

the Frobenius norm of the corresponding subset of P̂ . In
addition, the root mean square error (RMSE) from the M
runs was computed for each individual component of x in

(1), RMSE ≜
√

1
N

∑N
k=1 ||x− x̂||22, where N is the number

of iterations in a given run.

D. Estimator tuning

The estimators were tuned one-to-one with the noise
parameters used to generate measurements from sensors. The
PARS and GNSS sensors were modelled generically, whilst
the IMU was modelled as the STIM300 IMU [34]. The
thresholds of the natural test and the M-estimators were kept
at their recommended default levels. A table containing all
tuning values can be found in the accompanying GitHub repo
[17].

VI. RESULTS AND DISCUSSION

A. Simulation results

The average RMSEs for each component of x in all
operating modes tested are presented in Tab. I. The average
estimation error norm of position and attitude over time,
with corresponding 3σ-bounds, are shown in Fig. 5 for fault-
free baselines, unhandled sensor faults (s.f.), and the natural
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Fig. 5: Left axis: Average estimation error norm from 100
Monte Carlo runs in selected modes, plotted with respective
3σ-bounds over time. Right axis: True yaw angle over time,
visualised by grey, dotted line.

test (n.t.) for the ESKF and Tukey M-estimator for FGO.
Additionally, the true USV yaw angle is plotted to illustrate
how turns affect estimation uncertainty.

1) Fault-free baseline: Both ESKF and FGO achieve
comparable performance in estimating the USV position.
The FGO obtains better North-East position estimates, but
a worse Down-position estimate. The position estimation
uncertainty increases after loss-of-GNSS and peaks halfway
through the simulation. FGO initially retains a better atti-
tude estimate over time, but is eventually overtaken by the
ESKF. The FGO achieves better estimates of roll and pitch,
but a worse estimate of the yaw. The attitude estimation
uncertainty increases over time, but there are short-term
improvements whenever the USV is turning. The general
trend of better horizontal position estimation performance
compared to the vertical axis is due to the localisation
geometry of PARS locator setup. As seen from Fig. 3, HDOP
is much lower than VDOP for most of the trajectory.

2) Unhandled sensor faults: Operating with unhandled
PARS has a clear impact on on the position estimate, but a
comparatively low impact on the attitude estimate. Further-
more, whilst all states are affected, the sensor faults mostly
affect the Down-position (and velocity) and yaw estimates.

3) Rejecting outliers with the natural test: The position
estimate is significantly improved when outliers are rejected
with the natural test compared to when operating with
unhandled faults, especially in Down-position. However,
the natural test achieves worse attitude and gyroscope bias
estimates, a result visible for the attitude error norm towards
the end of the simulation.

4) De-weighting outliers with M-estimators: Aside from
the baseline, the M-estimators (in particular Tukey) achieve
the best estimate of North-East position. However, the Down-
position estimate obtained here is noticeably worse than that



TABLE I: Average Root Mean Square Error (RMSE) after 100 Monte Carlo runs.
M = 100 p [m] v [m/s] q [deg] bacc [m/s2] bgyro [deg/s]

N E D N E D Roll Pitch Yaw x y z Roll Pitch Yaw

E
SK

F Fault-free 0.8962 1.3808 1.4410 0.2061 0.1721 0.1072 0.1902 0.5266 2.9402 0.0767 0.0236 0.0309 0.0259 0.0171 0.0299
Sensor fault 1.0787 1.7237 7.7553 0.2267 0.1838 0.3362 0.1937 0.5280 3.0293 0.0767 0.0236 0.0317 0.0259 0.0172 0.0300
Natural test 1.0546 1.6003 2.1382 0.2309 0.1919 0.1228 0.1965 0.5289 3.2476 0.0767 0.0237 0.0310 0.0259 0.0172 0.0304

FG
O

Fault-free 0.8677 1.3824 1.6656 0.1977 0.1523 0.1276 0.1530 0.3365 3.4082 0.0563 0.0250 0.0303 0.0194 0.0163 0.0258
Sensor fault 1.0459 1.6956 7.8407 0.2129 0.1640 0.3451 0.1548 0.3380 3.6179 0.0563 0.0250 0.0311 0.0194 0.0164 0.0262
Natural test 1.0016 1.5948 2.5232 0.2228 0.1697 0.1439 0.1591 0.3394 3.8677 0.0563 0.0249 0.0304 0.0195 0.0164 0.0268
Huber-M 0.9195 1.4645 3.9171 0.2001 0.1546 0.1916 0.1525 0.3368 3.4893 0.0564 0.0250 0.0305 0.0194 0.0163 0.0260
Tukey-M 0.8997 1.4307 2.8297 0.1971 0.1525 0.1568 0.1517 0.3365 3.4518 0.0564 0.0250 0.0304 0.0193 0.0163 0.0259

of the natural test, which in turn negatively affects the error
norm. Both M-estimators achieve improved angular estimates
compared to FGO with the natural test, though the ESKF still
achieves a better yaw estimate with unhandled faults.

B. Discussion

We highlight the following key results for discussion:
1) Yaw estimation error significantly larger than

roll/pitch: None of the estimators are able to estimate the
yaw as well as roll and pitch. Furthermore, the attitude
error norm (where yaw will be the main contributor)
starts increasing after loss-of-GNSS (and thus loss of
GNSS-compass). This is perhaps not unexpected, given that
the yaw angle is not in general directly observable.

2) FGO estimates North-East position and roll/pitch bet-
ter, but Down-position and yaw worse: In the scenario tested,
there is no change in Down-position over time and only
changes in yaw during turns. If there is insufficient excitation
in a state, and no direct measurement or motion constraints,
the estimators must rely on cross-covariance terms with other
states to improve these state estimates. Consequently, the
ESKF may be outperforming the FGO-based estimator since
it has access to the cross-covariance terms between the pose
and velocity/bias states. Extending our estimation scheme to
extended poses [15], SE2(3), where we would have access
to the pose/velocity cross-covariance term, could potentially
improve these estimates.

3) Position uncertainty reaches maximum around halfway
through the simulation: The change in position uncertainty
over time matches prior belief based on the USV trajectory
and the HDOP cf. Fig. 3. The maximum is reached around
the two points where the USV trajectory intersects the
locators’ LOS, which coincides with the max HDOP (worst
geometry). Furthermore, we see that the position uncertainty
improves as the USV is nearing the destination pier, where
the HDOP is at its lowest after loss-of-GNSS.

4) Natural test yields worse attitude estimates than unhan-
dled faults for both estimators: It is reasonable to assume
that fewer outliers would improve the estimates, as is the case
for the position estimate. The fact that the opposite is true
for the attitude estimate (especially yaw) may be a result
of non-faulty, noisy PARS measurements being rejected,
resulting in less information for the estimators and – in
turn – a worse estimate. Evidently, the effect of outliers
on the angular estimates is negligible compared to those
of the position. Furthermore, compared to unhandled faults,
we also see an increase in the yaw gyro bias with the

natural test. Here, performing a more controlled test where
the test threshold is adjusted and the resulting number of
false positives counted may be considered, in order to see if
a more optimal threshold than the standard can be found.

5) M-estimators obtain worse D-position estimates than
the natural test for FGO: For both ESKF and FGO, re-
jecting outliers improves the estimate of the Down-position
considerably compared to operation with unhandled faults.
Since the position is observable from the measurements,
short periods without measurements such as what may be
caused by outlier rejection may not cause much of an issue
for the estimator, but if the threshold for de-weighting is
set poorly for the application, the information from these
outliers (or false positives) may do more harm than good.
The Huber M-estimator is the worst performing out of all,
whereas the Tukey M-estimator is far closer to the natural
test. As previously mentioned, Huber will always weight
outliers somewhat, whereas Tukey will ignore significant
outliers. Similarly to the previous finding, a more thorough
tuning process of the threshold values may improve the
performance of the M-estimators. However, it is worth noting
that aside from the baseline, the M-estimators (in particular,
Tukey) obtain the best results for FGO for the North-East
position estimate, and obtain the best angular estimates of the
different FGO modes, which for an USV is more important
than the Down-position.

VII. CONCLUSION

In this paper, a fixed-lag iSAM2 FGO estimator fusing
PARS and IMU measurements was presented and tested
against a benchmark ESKF estimator in 100 Monte Carlo
runs of a simulated USV path between two piers, each with
a PARS locator. Performance was compared in different op-
erating modes: fault-free, unhandled faults, outlier rejection
with natural test and (for the FGO) de-weighting of outliers
with two types of M-estimators.

The results indicate that our estimation scheme, in par-
ticular when running with the Tukey M-estimator, slightly
outperforms ESKF in North-East position and roll/pitch
estimates, but struggles more with the estimate of the Down-
position and yaw angle. We posit that the additional ESKF
cross-covariance terms available compared to the FGO solu-
tion may be a reason for the more optimal ESKF estimates.
The higher yaw estimation error in all modes is assumed to
be a result of the yaw not being directly observable. Interest-
ingly, better angular estimates are obtained with unhandled
faults compared to outlier rejection with the natural test. This



may be due to suboptimal tuning of the robust estimation
schemes applied resulting in useful data for the angular
estimates being rejected due to non-faulty, albeit high, PARS
noise.

Performing a more rigorous tuning process of the ro-
bust estimation schemes and testing the estimation scheme
in other scenarios, including with experimental data, are
part of the future work. Furthermore, extending the esti-
mation scheme to SE2(3) to see whether the additional
attitude/position-velocity cross-covariance terms obtained
may improve the performance of the FGO-based estimator
is also of interest.

APPENDIX I
COMPUTATION OF PARS JACOBIANS ON THE SE(3)

MATRIX LIE GROUP

1) Agent position expressed using the Lie algebra: In
order to compute the Jacobian of the PARS measurement
model defined in (4) with respect to the Lie algebra se(3)
and get it on the form of (13), we must first express the agent
position measured by a locator as a function ξ, i.e.,

pn
rb ≈ p̂n

rb +
∂pn

rb

∂ξ∧
ξ ≜ p̂n

rb +Hpξ. (21)

To obtain this expression, we start by expanding pn
rb in

homogeneous coordinates[
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(22)

where pn
nr is the known origin of {r}, i.e., the placement of

the given locator, expressed in {n}.
Next, insert for (8)[
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The first-order approximation in (10) assumes that the per-
turbation ξ is small. Under the same assumption, the square

and cross-terms of ξ are assumed to be negligible such that[
pn
rb

1

]
≈
[
−R̂n

b R̂n
b ξp

0 1

] [
−(R̂n

b )
⊤(p̂n

nb − pn
nr)

1

]
=

[
R̂n

b (R̂
n
b )

⊤(p̂n
nb − pn

nr) + R̂n
b ξp

1

]
=

[
p̂n
rb

1

]
+

[
03×3 R̂n

b

01×3 01×3

] [
ξo
ξp

]
.

(24)

From this, we recognise the structure of (21)

pn
rb ≈ p̂n

rb +
[
03×3 R̂n

b

]︸ ︷︷ ︸
=Hp

ξ, (25)

and have obtained the Jacobian Hp relating the position
measured by the locator to the Lie algebra se(3).

2) Range factor: With the result from (25), we only need
to differentiate each term of (4) w.r.t pn

rb about ξ = 0 in order
to obtain the desired Jacobians. The range measurement
Jacobian is thus found as

Hρ =
∂hρ
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(26)

3) Azimuth factor: The term corresponding to the azimuth
angle in (4) contains an arctangent, so in order to determine
the Jacobian, we define a variable substitution x(pn

rb) and
compute

HΨ =
∂hΨ

∂pn
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=
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The measured position can be written on the form pn
rb =

[px py pz]
⊤ ≜ p such that hΨ(p) = arctan (py/px). By

defining x ≜ py/px, such that hΨ(x) = arctan(x), we can
write HΨ as
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where
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is obtained directly from the definition of the arctangent and
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With this, we obtain the azimuth measurement Jacobian
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4) Elevation factor: Hα is obtained by following the
same method as for the azimuth factor with the only dif-
ference being the choice of x, which here will be given by
the elevation term of (4)

x ≜
−pz√
p2x + p2y

, (32)

such that
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after some manipulations, and
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where we have defined p̄ ∈ R2 as the horizontal compo-
nent of p. With this, we obtain the elevation measurement
Jacobian
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where ρ̄ ≜
√
p̂2x + p̂2y .

APPENDIX II
ERROR-STATE KALMAN FILTER

The baseline used for comparison estimator performance
is a standard ESKF with error-state

δx ≜ [δp δv δθ δbacc δbgyro]
⊤ ∈ R15 (36)

with linearised kinematics obtained from [18]

δẋ = F (x)δx+G(x)w (37)

where F and G are functions of the nominal state x and
debiased IMU measurements. Assuming zero-order hold,
the discrete-time transition matrix Fd and process noise
covariance matrix Qd can then be obtained using Van Loan’s
formula [35]. The reader is referred to [21] for an overview
of the ESKF algorithm, alternatively to the PDF on the ESKF
in the GitHub repository accompanying this paper [17].
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